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STRICHARTZ ESTIMATES FOR THE PERIODIC NON ELLIPTIC
SCHRO¨DINGER EQUATION
NICOLAS GODET AND NIKOLAY TZVETKOV
Re´sume´. Le but de cette note est de de´montrer des estimations de Strichartz optimales avec
pertes de de´rive´es pour l’e´quation de Schro¨dinger non elliptique pose´e sur le tore de dimension
2.
Abstract. The purpose of this note is to prove sharp Strichartz estimates with derivative
losses for the non elliptic Schro¨dinger equation posed on the 2 dimensional torus.
Version franc¸aise abre´ge´e
On conside`re l’e´quation de Schro¨dinger non elliptique
(0.1) (i∂t + ∂
2
x − ∂
2
y)u = 0, u(0, x, y) = u0(x, y),
pose´e sur le tore de dimension deux T2 = (R|2piZ)2. La solution de cette equation de donne´e
initiale u0 est donne´e par e
−itPu0 ou` P = −∂
2
x + ∂
2
y . Un couple de nombres re´els (p, q) est dit
admissible si
1
p
+
1
q
=
1
2
, p > 2.
Le the´ore`me suivant donne des estimations de Strichartz optimales avec pertes de de´rive´es pour
l’ope´rateur P .
The´ore`me 0.1. Soit (p, q) un couple admissible. Il existe une constante C > 0 telle que pour
toute donne´e initiale u0 ∈ H
1
p (T2),
(0.2) ‖e−itPu0‖Lp
t∈[0,1]
Lqxy(T2) ≤ C‖u0‖H
1
p (T2)
.
De plus, l’estimation (0.2) est optimale au sens ou` l’ine´galite´
(0.3) ‖e−itPu0‖Lp
t∈[0,1]
Lqxy(T2) ≤ C‖u0‖Hs(T2)
devient fausse si s < 1p .
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L’estimation de Strichartz (0.2) a e´te´ re´cemment de´montre´e dans le cas p = q = 4 (voir [5])
en utilisant une analyse globale sur le tore. La preuve du The´ore`me 0.1 que nous pre´sentons
est uniquement base´e sur des arguments locaux. Le re´sultat du The´ore`me 0.1 peut eˆtre utilise´
dans l’e´tude de perturbations non line´aires de (0.1). En particulier, l’analyse de [2], [3] implique
que dans le cas de perturbations cubiques, l’e´quation est bien pose´e dans Hs, s > 1/2. Des
estimations de Strichartz avec pertes dans le cas elliptique
(0.4) (i∂t + ∂
2
x + ∂
2
y)u = 0, u(0, x, y) = u0(x, y),
pose´e sur T2, ont e´te´ obtenues dans [1]. Pour l’e´quation (0.4), on ne connaˆıt pas les estimations
optimales pour tous les couples (p, q) admissibles (surtout pour p < 4) mais l’analyse de [1]
montre que dans le cas p = q = 4, on a mieux que (0.2), a` savoir que 1/p = 1/4 peut eˆtre
remplace´ par n’importe quel nombre strictement positif.
1. Introduction
Consider the non elliptic Schro¨dinger equation
(1.1) (i∂t + ∂
2
x − ∂
2
y)u = 0, u(0, x, y) = u0(x, y),
posed on the two dimensional torus T2 = (R|2piZ)2. The solution of (1.1) is given by e−itP (u0),
where P = −∂2x+∂
2
y . We study here Strichartz estimates with losses for (1.1) and we show that
the approach of [2] gives optimal estimates. We call a couple (p, q) ∈ R2 admissible if
1
p
+
1
q
=
1
2
, p > 2.
We have the following statement.
Theorem 1.1. Let (p, q) be an admissible couple. There exists a constant C > 0 such that for
every u0 ∈ H
1
p (T2),
(1.2) ‖e−itPu0‖Lp
t∈[0,1]
Lqxy(T2)
≤ C‖u0‖
H
1
p (T2)
.
Moreover (1.2) is sharp in the sense that the estimate
(1.3) ‖e−itPu0‖Lp
t∈[0,1]
Lqxy(T2) ≤ C‖u0‖Hs(T2)
fails for s < 1p .
The above result in the particular case p = q = 4 was recently obtained in [5] by using a
different approach using the special choice of the L4 norm and global analysis on the torus. The
proof of Theorem 1.1 we present here relies only on local arguments.
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The result of Theorem 1.1 can be used in the study of nonlinear perturbations of (1.1). In
particular the analysis of [2], [3] implies the well-posedness in Hs, s > 1/2 in the case of cubic
perturbations.
Some Strichartz estimates with losses in the case of the elliptic Schro¨dinger equation
(1.4) (i∂t + ∂
2
x + ∂
2
y)u = 0, u(0, x, y) = u0(x, y),
posed on T2, were obtained in [1]. In the context of (1.4), it seems that we do not have a clear
picture what are the optimal Strichartz estimates for all admissible couples (p, q) (especially for
p < 4). The analysis in [1] shows that in the particular case p = q = 4 one has better than (1.2),
namely 1/p = 1/4 can be replaced by every positive number which is almost the scale invariant
estimate (the scale invariant estimate is however known to be false).
By adapting our proof of (1.2), the same Strichartz estimates as in [2] in dimension dim(M1)+
dim(M2) may be proved for the equation
(i∂t +∆M1 −∆M2)u = 0, (x, y) ∈M1 ×M2,
where M1 and M2 are compact Riemannian manifolds. We however do not have a clear under-
standing about the optimality of the estimates in such a situation (except when M1 =M2).
In [4], Salort proved Strichartz estimates for the operator P with a loss of 1/p+ ε derivatives
for all ε > 0 but without addressing the question of optimality.
2. Proof of Theorem 1.1
2.1. Proof of (1.2). Let ∆ = ∂2x + ∂
2
y be the Laplace operator. In the analysis, it is of
importance that ∆ commutes with P . As in [2] (see [2, Corollary 2.3] and [2, second part of
page 583]), by using the Littlewood-Paley square function theorem and the Minkowski inequality,
in order to prove (1.2), it suffices to prove that for every ϕ ∈ C∞0 (R), there exists C > 0 such
that for every h ∈ (0, 1], every u0 ∈ L
2(T2),
(2.1) ‖ϕ(h2∆)e−itPu0‖Lp
t∈[0,1]
Lqxy(T2)
≤ Ch−
1
p ‖u0‖L2(T2) .
Let ψ ∈ C∞0 (R) be such that ψ(−x
2)ψ(−y2) equals one on the support of ϕ(−x2 − y2). Such a
function exists since for a suitable R > 1 the support of ϕ(−x2 − y2) is contained in the square
[−R,R]× [−R,R] and thus it suffices to choose ψ which equals one on [−R2, R2]. Then
ψ(−x2)ψ(−y2)ϕ(−x2 − y2) = ϕ(−x2 − y2), ∀ (x, y) ∈ R2.
and hence
ψ(h2∂2x)ψ(h
2∂2y)ϕ(h
2∆) = ϕ(h2∆).
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Therefore using the L2 boundedness of ϕ(h2∆), we obtain that in order to get (2.1) it suffices
to prove that for every ψ ∈ C∞0 (R), there exists C > 0 such that for every h ∈ (0, 1], every
u0 ∈ L
2(T2),
(2.2) ‖ψ(h2∂2x)ψ(h
2∂2y)e
−itPu0‖Lp
t∈[0,1]
Lqxy(T2)
≤ Ch−
1
p ‖u0‖L2(T2) .
Let us denote by K(t, x, y, x′, y′) the kernel of the map ψ(h2∂2x)ψ(h
2∂2y)e
−itP , i.e.
(
ψ(h2∂2x)ψ(h
2∂2y)e
−itPu0
)
(t, x, y) =
∫
T2
K(t, x, y, x′y′)u0(x
′, y′)dx′dy′ .
Then we have that
K(t, x, y, x′y′) = K1(t, x, x
′)K2(t, y, y
′),
where K1(t, x, x
′) is the kernel of ψ(h2∂2x)e
it∂2x and K2(t, y, y
′) is the kernel of ψ(h2∂2y)e
−it∂2y . By
[2, Lemma 2.5 and Remark 2.6], applied in the 1d case, we know that there exists α > 0 such
that
|K1(t, x, x
′)| ≤ C|t|−1/2, |K2(t, y, y
′)| ≤ C|t|−1/2, ∀ |t| ≤ αh .
Consequently
|K(t, x, y, x′, y′)| ≤ C|t|−1, ∀ |t| ≤ αh .
Thus we obtain that there exists C > 0 such that for every |t| ≤ αh, every u0 ∈ L
1(T2),
(2.3) ‖ψ(h2∂2x)ψ(h
2∂2y)e
−itPu0‖L∞xy(T2) ≤ C|t|
−1‖u0‖L1(T2) .
With (2.3) in hand we can complete the proof of (1.2) exactly as in [2, page 583]. Indeed the
T − T ⋆ argument implies that for every interval J of size |J | ≤ αh one has
(2.4)
∫
J
‖ψ(h2∂2x)ψ(h
2∂2y)e
−itPu0‖
p
Lq(T2)
dt ≤ C‖u0‖
p
L2(T2)
.
Next we cover [0, 1] with N intervals of size ≤ αh, N ∼ h−1 and using N times (2.4) we infer
that
∫ 1
0
‖ψ(h2∂2x)ψ(h
2∂2y)e
−itPu0‖
p
Lq(T2)
dt ≤
N∑
k=1
∫
Jk
‖ψ(h2∂2x)ψ(h
2∂2y)e
−itPu0‖
p
Lq(T2)
dt
≤ Ch−1‖u0‖
p
L2(T2)
This completes the proof of (1.2).
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2.2. Optimality of the estimate. Let f ∈ Hs(T). Then f(x+ y) ∈ Hs(T2) and f(x+ y) is a
stationary solution of (1.1). Therefore if (1.3) holds then
(2.5) ‖f‖Lq(T) ≤ C‖f‖Hs(T) .
Inequality (2.5) is the Sobolev embedding which is known to hold for s ≥ 12 −
1
q . It is also well
known that it fails for s < 12 −
1
q as shows the next lemma.
Lemma 2.1. Inequality (2.5) fails for s < 12 −
1
q .
Proof. It suffices to test (2.5) with
f(x) = η(λx), λ ≥ 1, η ∈ C∞0 (−1/2, 1/2) .
We can see f as a C∞(T) function and with this choice of f the left hand-side of (2.5) behaves like
λ−
1
q for λ≫ 1 while the right hand-side behaves like λs−
1
2 . Thus if (2.5) holds then λ−
1
q . λs−
1
2
which implies s ≥ 12 −
1
q . 
Using Lemma 2.1, we obtain that if (1.3) holds true then one should necessarily have
s ≥
1
2
−
1
q
=
1
p
which proves the optimality of (1.2).
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